Abstract. We show that every morphism of differential graded Lie algebras induces a canonical structure of L∞-algebra on its mapping cone. Moreover such a structure is compatible with the deformation functors introduced in [17] .
Introduction
Let χ : L → M be a morphism of differential graded Lie algebras over a field K of characteristic 0. In the paper [17] one of the authors has introduced, having in mind the example of embedded deformations, the notion of Maurer-Cartan equation and gauge action for the triple (L, M, χ); these notions reduce to the standard Maurer-Cartan equation and gauge action of L when M = 0. More precisely there are defined two functors of Artin rings MC χ , Def χ : Art → Set, where Art is the category of local Artinian K-algebras with residue field K, in the following way: 
Then one defines
Def χ (A) = MC χ (A) gauge equivalence , where two solutions of the Maurer-Cartan equation are gauge equivalent if they belong to the same orbit of the gauge action
given by the formula (e l , e dm ) * (x, e a ) = (e l * x, e dm e a e −χ(l) ) = (e l * x, e dm•a•(−χ(l)) ).
The • in the rightmost term in the above formula is the Baker-Campbell-Hausdorff multiplication; namely e x e y = e x•y . Several examples in [17] illustrate the utility of this construction in deformation theory.
In the same paper it is also proved that Def χ is the truncation of an extended deformation functor [15, Def. 2.1] F such that T i F = H i (C χ ), where C χ is the differential graded vector space
By a general result [15, Thm. 7.1] there exists an L ∞ structure on C χ , defined up to homotopy, whose associated deformation functor is isomorphic to Def χ . The main result of this paper is to describe explicitly a canonical (and hence functorial) L ∞ structure on C χ with the above property; this is done in an elementary way, without using the theory of extended deformation functors, so that this paper can be used to give new proofs of the main results of [17] without using [15] .
Quite surprisingly, such canonical L ∞ structure is combinatorially easy to describe and can be conveniently used for concrete applications. For example, in Section 7, we prove that every Cartan's homotopy induce canonically an L ∞ -morphism; an application of this result to Hodge theory will appear in [6] Acknowledgment. Our thanks to Jim Stasheff for precious comments on the first version of this paper.
Keywords and general notation. We assume that the reader is familiar with the notion and main properties of differential graded Lie algebras and L ∞ -algebras (we refer to [7, 8, 9, 12, 13, 16] as introduction of such structures); however the basic definitions are recalled in this paper in order to fix notation and terminology. For the whole paper, K is a fixed field of characteristic 0 and χ : L → M is a morphism of differential graded Lie algebras over K. For A ∈ Art we denote by m A the maximal ideal of A.
Conventions on graded vector spaces
In this paper we will work with Z-graded vector spaces; we write a graded vector space as V = ⊕ n∈Z V n , and call V n the degree n component of V ; an element v of V n is called a degree n homogeneous element of V . We say that the graded vector space V is concentrated in degree k if V i = {0} for i = k. Morphisms between graded vector spaces are linear degree preserving maps, i.e. a map ϕ : V → W is a collection of linear maps ϕ n : V n → W n . The shift functor is defined as (V [k]) i := V i+k . We say that a linear map ϕ : V → W is a degree k map if it is a morphism V → W [k], i.e., if it is a collection of linear maps ϕ n : V n → W n+k . The set of degree k liner maps from V to W will be denoted Hom k (V, W ). Graded vector spaces are a symmetric tensor category with (
We adopt the convention according to which degrees are 'shifted on the left'. By this we mean that we have a natural identification, called the suspension
denotes the graded vector space consisting in the field K concentrated in degree −1. Note that, with this convention the canonical isomorphism [1] . More in general we have the following decalage isomorphism
Since graded vector spaces are a symmetric category, for any graded vector space V and any positive integer n we have a canonical representation of the symmetric group S n on ⊗ n V . The space of coinvariants for this action is called the n-th symmetric power of V and is denoted by the symbol ⊙ n V . For instance
Twisting the canonical representation of S n on ⊗ n V by the alternating character σ → (−1) σ and taking the coinvariants one obtains the n-th antisymmetric (or exterior) power of V , denoted by ∧ n V . For instance
By naturality of the decalage isomorphism, we have a commutative diagram
and so the decalage induces a canonical isomorphism
As with ordinary vector spaces, one can identify ⊙ n V and ∧ n V with suitable subspaces of ⊗ n V , called the subspace of symmetric and antisymmetric tensors respectively.
Remark 1.1. Using the natural isomorphisms
and the decalage isomorphism, we obtain natural identifications dec : Hom
By the above considerations dec : Hom
Differential graded Lie algebras and L ∞ -algebras
A differential graded Lie algebra (DGLA for short) is a Lie algebra in the category of graded vector spaces, endowed with a compatible degree 1 differential. More explicitly, it is the data (V, d, [ , ]), where V is a graded vector space, the Lie bracket
satisfies the graded Jacobi identity:
and d : V → V is a degree 1 differential which is a degree 1 derivation of the Lie bracket, i.e.,
Morphisms of DGLAs are morphisms of graded vector spaces which are compatible with the differential and the bracket, namely
Via the decalage isomorphisms one can look at the Lie bracket of a DGLA V as to a morphism
Similarly, the suspended differential [1] .
Up to the canonical bijective linear map V → V [1] , v → v [1] , the suspended differential q 1 and the bilinear operation q 2 are written simply as
i.e., "the suspended differential is the opposite differential and q 2 is the twisted Lie bracket".
extends to a coderivation of degree 1
on the reduced symmetric coalgebra cogenerated by V [1] , by the formula 2.1.
where S(k, n − k) is the set of unshuffles and ε(σ) = ±1 is the Koszul sign, determined by the relation in
The axioms of differential graded Lie algebra are then equivalent to Q being a codifferential, i.e., Q 2 = 0. This description of differential graded Lie algebras in terms of the codifferential Q is called the Quillen construction [18] . By dropping the requirement that q k ≡ 0 for k ≥ 3 one obtains the notion of L ∞ -algebra (or strong homotopy Lie algebra), see e.g. [12, 13, 9] ; namely, an L ∞ structure on a graded vector space V is a sequence of linear maps of degree 1
such that the induced coderivation Q on the reduced symmetric coalgebra cogenerated by V [1] , given by the Formula 2.1 is a codifferential, i.e. i.e., Q 2 = 0. This condition in particular implies q 2 1 = 0, i.e., an L ∞ -algebra is in particular a differential complex. Note that, by the above discussion, every DGLA can be naturally seen as an L ∞ -algebra; namely, a DGLA is an L ∞ -algebra with vanishing higher multiplications q k , k ≥ 3. Via the decalage isomorphisms of Remark 1.1, the multiplications q k of an L ∞ -algebra V can be seen as morphisms
The condition Q 2 = 0 then translates into a sequence of quadratic relations between the brackets [ , . . . , ] n , the first of which are 
such that the morphism of coalgebras
induced by n f n :
commutes with the codifferentials induced by the two L ∞ structures on V and W [7, 9, 12, 13, 16 ]. An L ∞ -morphism f ∞ is called linear (sometimes strict) if f n = 0 for every n ≥ 2. We note that a linear map
is a linear L ∞ -morphism if and only if
The category of L ∞ -algebras will be denoted by L ∞ in this paper. Morphisms between DGLAs are linear morphisms between the corresponding L ∞ -algebras, so the category of differential graded Lie algebras is a (non full) subcategory of
satisfies the equation
algebras if its linear part f 1 is a quasiisomorphism of differential complexes. A major result in the theory of L ∞ -algebra is the following homotopical transfer of structure theorem (see [7, 11] for a proof).
If there exist two morphisms of differential complexes
which are homotopy inverses, then there exist an L ∞ -algebra structure (C, 1 , 2 , . . . ) on C extending its differential complex structure, and making (V, q 1 , q 2 , . . . ) and (C, 1 ,
In case πı = Id C [1] , explicit formulas for such a transfer are described in [7, 11] and [25] in terms of summation over rooted trees [10, Definition 6] 
where
) is an homotopy between ιπ and Id V [1] , T n is the set of rooted trees with n tails, ε Γ = ±1 is a sign depending on the combinatorics of the tree Γ and Aut Γ is the group of automorphisms of Γ. Each tail edge of a tree is decorated by the operator ı, each internal edge is decorated by the suspended operator K and the root edge is decorated by the suspended operator π; every internal vertex v carries the operation q r , where r is the number of edges having v as endpoint. Then Z Γ is the evaluation of such a decorated graph according to the usual operadic rules; see [7, Thm. 2.3.1] for an explicit recursive formula.
The suspended mapping cone of
The suspended mapping cone of the DGLA morphism χ : L → M is the graded vector space
where Cone(χ) = L[1] ⊕ M is the mapping cone of χ. More explicitly,
The suspended mapping cone has a natural differential δ ∈ Hom 1 (C χ , C χ ) given by
Denote by 1 ∈ Hom
Remark 3.1. If χ is injective, then the projection on the second factor induces a quasiisomorphism of differential complexes π 2 :
is a differential graded Lie algebra. The differential on H χ is (l, m(t, dt)) → (dl, dm(t, dt)); since the differential on H χ has degree 1, the suspended differential q 1 :
is the opposite differential:
The integral operator 
the linear maps defined as
then ι and π are morphisms of complexes and
Proof. First we note that the composition π ı is the identity on C χ [1] and ı is a morphism of complexes; in fact
It is easy to see that
In fact H χ [1] is generated by elements of the form (l, tχ(l)), (0,
and i > 0. We find
Since Kq 1 + q 1 K is a morphism of complexes homotopically trivial, then also ı π is a morphism of complexes and, since ı is injective, also π is a morphism of complexes. The fact that ι and π induce inverse operators in cohomology is immediate from the above discussion.
4. The L ∞ structure on C χ By Quillen construction [18] , the differential graded Lie algebra H χ carries an L ∞ structure
where q k = 0 for every k ≥ 3,
Results of Section 3 tell us that we can apply the homotopy transfer of structure theorem, to induce on C χ an L ∞ -algebra structure making C χ and H χ be quasiisomorphic L ∞ -algebras. Moreover, the linear maps of degree 1 n :
defining the induced L ∞ -algebra structure on C χ are explicitly described in terms of summation over rooted trees. In our case, the properties
imply that, fixing the number of tails, there exists at most one isomorphism class of trees giving a nontrivial contribution.
• One tail: the only tree is
giving by operadic evaluation the formula
• Two tails:
Again by operadic evaluation, this graph gives
• n tails: 
The factor 1/2 in the above formula accounts for the cardinality of the automorphism group of the graph involved.
Remark 4.1. The above construction of the L ∞ structure on C χ commutes with tensor products of differential graded commutative algebras. This means that if R is a DGCA, then the L ∞ -algebra structure on the suspended mapping cone of χ⊗id R : L⊗R → M ⊗R is naturally isomorphic to the L ∞ -algebra C χ ⊗ R.
A more refined description involving the original brackets in the differential graded Lie algebras L and M is obtained decomposing the symmetric powers of C χ [1] into types:
The operation 2 decomposes into
For later use, we point out that, via decalage isomorphisms, the maps − 1 and − 2 corresponds to
For every n ≥ 2 it is easy to see that γ 1 ⊙ · · · ⊙ γ n+1 n+1 can be nonzero only if the multivector
the formula for − n+1 described above becomes
Define recursively a sequence of polynomials φ i (t) ∈ Q[t] ⊆ K[t] and rational numbers I n by the rule
By the definition of the homotopy operator K we have, for every m ∈ M K((φ n (t)dt)m) = −φ n+1 (t)m.
Therefore, for every m 1 , m 2 ∈ M we have
Therefore, we find:
The Bernoulli numbers are the rational numbers B n defined by the series expansion identity
For every n ≥ 2 we have
Proof. Since B 2k+1 = 0 for every k > 0, it is sufficient to prove that I n = −B n /n! for every n ≥ 2; keeping in mind the definition of B n , this is equivalent to proving that
Consider the polynomials ψ 0 (t) = 1 and ψ n (t) = φ n (t) − I n for n ≥ 1. Then, for any n ≥ 1,
Therefore,
and then
Since ψ n (0) = −I n for any n ≥ 1 we get
Remark 4.5. In fact an alternative proof of the equality I n = −B n /n! can be done by observing that, in view of Equation 4.4, the polynomials n!ψ n (t) satisfy the recursive relations of the Bernoulli polynomials (see e.g. [21] ).
Remark 4.6. The occurrence of Bernoulli numbers is not surprising: it had already been noticed by K. T. Chen [3] how Bernoulli numbers are related to the coefficients of the Baker-Campbell-Hausdorff formula.
Bernoulli numbers also appear in some expressions of the gauge equivalence in a differential graded Lie algebra. In fact the relations x = e a * y, y = e −a * x can be written as
Applying to both sides the inverse of the operator e ada − 1 ad a we get
More recently, the relevance of Bernoulli numbers in deformation theory has been also remarked by Ziv Ran in [19] . In particular, Ziv Ran's "JacoBer" complex seems to be closely related to the coderivation Q defining the L ∞ structure on C χ .
Remark 4.7. The multilinear brackets n on Cone(χ) = C χ [1] can be related to the Koszul (or 'higher derived') brackets Φ n of a differential graded Lie algebra as follows. Let (M, ∂, [ , ]) be a differential graded Lie algebra; the Koszul brackets
are the degree 1 linear maps defined as Φ 1 = 0 and for n ≥ 2
Let L be the differential graded Lie subalgebra of M given by L := ∂M and let χ : L → M be the inclusion. We can identify M with the image of the injective linear map M ֒→ Cone(χ) given by m → (∂m, m). Then we have (∂m, m) 1 = 0,
and, for n ≥ 2,
Since the multilinear operations n define an L ∞ -algebra structure on C χ = Cone(χ)[−1], they satisfy a sequence of quadratic relations. Due to the above mentioned correspondence with the Koszul brackets, these relations are translated into a sequence of differential/quadratic relations between the odd Koszul brackets, defined as {m} 1 = 0 and
for n ≥ 2. For instance, if m 1 , m 2 , m 3 are homogeneous elements of degree i 1 , i 2 , i 3 respectively, then
The occurrence of Bernoulli numbers in the L ∞ -type structure defined by the higher Koszul brackets has been recently remarked by K. Bering in [2].
The functors MC χ and Def χ revisited
Having introduced an L ∞ structure on C χ in Section 4, we have a corresponding Maurer-Cartan functor [7, 9] MC Cχ : Art → Set, defined as
Writing γ = (l, m), with l ∈ L 1 ⊗ m A and m ∈ M 0 ⊗ m A , the Maurer-Cartan equation becomes
According to Theorem 4.3, since deg M (m) = deg C χ [1] (m) = 0, we have
The Maurer-Cartan equation on C χ is therefore equivalent to
Since B 0 = 1 and B 1 = − 1 2 , we can write the second equation as
Applying the invertible operator e adm − 1 ad m we get
Therefore, the Maurer-Cartan equation for the L ∞ -algebra structure on C χ is equivalent to
e m * χ(l) = 0 and the Maurer-Cartan functor MC χ described in the introduction is precisely the Maurer-Cartan functor corresponding to the L ∞ structure on Cχ.
Recall that the deformation functor associated to an L ∞ -algebra g is Def g = MC g / ∼, where ∼ denotes homotopy equivalence of solutions of the Maurer-Cartan equation: two elements γ 0 and γ 1 of MC g (A) are called homotopy equivalent if there exists an element γ(t, dt) ∈ MC g[t,dt] (A) with γ(0) = γ 0 and γ(1) = γ 1 .
We have already identified the functor MC Cχ with the functor MC χ . Now we want to show that, under this identification, the homotopy equivalence on MC Cχ is the same thing of gauge equivalence on MC χ described in the introduction, so that Def χ ≃ Def Cχ .
We will need the following lemma (see the Appendix A for a proof). 
i.e., (l 0 , m 0 ) and (m 1 , l 1 ) are gauge equivalent.
We now show that gauge implies homotopy. Assume (l 0 , m 0 ) and (m 1 , l 1 ) are gauge equivalent. Then then there exist (dν, λ 1 )
Setl(s, ds) = e sλ 1 * l 0 . By Lemma 5.1,l satisfies the equation dl + 
Functoriality
In the above section we have shown how to a morphism of differential graded Lie algebras χ : L → M is associated a canonical L ∞ structure on C χ . We will now discuss the functorial aspects of this construction. Denote by L ∞ the category of L ∞ -algebras and by M the category of morphisms of differential graded Lie algebras; objects in M are DGLA morphisms χ : L → M ; morphisms in M are commutative squares
It is immediate to observe that the above commutative square induces a linear L ∞ -morphism (f L , f M ) : C χ 1 → C χ 2 and then C : M → L ∞ is a functor. Moreover both MC and Def are functors from the category L ∞ to the category of functors of Artin rings [9, 15, 16] . The functor MC acts on the morphisms of L ∞ in the following way: let
The natural transformation MC f∞ preserves the homotopy equivalence and then induces a natural transformation Def f∞ : Def V → Def W .
Recall from Section 2 that an L ∞ -morphism f ∞ is called a quasiisomorphism of L ∞ -algebras if its linear part f 1 is a quasiisomorphism of differential complexes. Using the fact that every quasiisomorphism of L ∞ -algebras induces an isomorphism of the associated deformation functors [9] , the next theorem becomes evident. 
Theorem 6.1 ([17]). Consider a commutative diagram of morphisms of differential graded Lie algebras
L 1 f L / / χ 1 L 2 χ 2 M 1 f M / / M 2 and assume that (f L , f M ) : C χ 1 → C χ 2 is
Cartan homotopies
In this section we formalize, under the notion of Cartan homotopy, a set of standard identities that often arise in algebra and geometry [4, Appendix B] .
) be two differential graded Lie algebras and denote by δ the standard differential on Hom
Notice that, according to the definition of δ, for every a ∈ L we have 
Example 7.2. The name Cartan homotopy has a clear origin in differential geometry. Namely, let M be a differential manifold, X (M ) be the Lie algebra of vector fields on M , and End * (Ω * (M )) be the Lie algebra of endomorphisms of the de Rham algebra of M . The Lie algebra X (M ) can be seen as a DGLA concentrated in degree zero, and the graded Lie algebra End * (Ω * (M )) has a degree one differential given by [d, −] , where d is the de Rham differential. Then the contraction
is a Cartan homotopy and its differential is the Lie derivative
In fact, by classical Cartan's homotopy formulas [1, Section 2.4], for any two vector fields X and Y on M , we have
Note that the first Cartan formula above actually states that δi = L. Indeed X (M ) is concentrated in degree zero and then its differential is trivial. 
is a Cartan homotopy.
is a linear L ∞ -morphism.
Proof. By decalage isomorphism, the L ∞ structure on C χ is given by the higher brackets µ n ∈ Hom 2−n ( n C χ , C χ ), n ≥ 1, where
and for n ≥ 3
It is straightforward to check thatĩ commutes with every bracket, i.e.
Thereforeĩ is a linear L ∞ -morphism.
Appendix A: gauge vs. homotopy
In this Appendix we briefly discuss the relation between homotopy and gauge equivalence for solutions of the Maurer-Cartan equation for a given differential graded Lie algebra L. We also give a proof of Lemma 5.1, which is here presented as Corollary A.1.
is an isomorphism of graded vector spaces. Then, for every A ∈ Art there exists a bijection
Proof. This is essentially proved in [24, Section 5] using induction on the length of A and the Baker-Campbell-Hausdorff formula.
Here we sketch a simpler proof based on formal theory of deformation functors [23, 22, 5, 14] . The map α is a natural transformation of homogeneous functors, so it is sufficient to show that α is bijective on tangent spaces and injective on obstruction spaces. Recall that the tangent space of MC L is Z 1 (L), while its obstruction space is contained in H 2 (L). The functor A → C 0 ⊗ m A is smooth with tangent space C 0 and therefore tangent and obstruction spaces of the functor
are respectively Z 1 (M ) ⊕ C 0 and H 2 (M ). The tangent map is
and it is an isomorphism. The inclusion M ֒→ L is a quasiisomorphism, therefore the obstruction to lifting x in M is equal to the obstruction to lifting x = e 0 * x in L. We conclude the proof by observing that, according to [5, Prop. 7.5] , [14, Lemma 2.21] , the obstruction maps of Maurer-Cartan functor are invariant under the gauge action.
the subspace consisting of polynomials g(t) with g(0) = 0. Then for every A ∈ Art the map (x, g[t]) → e g(t) * x induces an isomorphism Following the same steps which led to the explicit expression for the n 's, one can easily write out an explicit expression for the ι χ,n ; we will not need such an explicit expression in what follows. The above construction shows that to a morphism of differential graded Lie algebras χ : L → M are associated two quasi-isomorphic L ∞ -algebras and a distinguished quasiisomorphism between them. It is immediate to see that this construction is functorial: as in Section 6 denote by M the category of morphisms of differential graded Lie algebras; objects in M are DGLA morphisms χ : L → M ; morphisms in M are commutative squares
of DGLA morphims. Then, C, H : M → L ∞ are functors, and ι ∞ : C → H is a natural transformation between them. Functoriality of C and H is trivially checked: a morphism between χ 1 and χ 2 is given by a pair of linear maps f L and f M , which naturally
commutes, showing the naturality of ι ∞ . The fact that L ∞ -morphisms are not necessarily linear, suggests that one should obtain a functorial construction even allowing morphisms in M to be L ∞ -morphisms instead of DGLA morphisms. Namely, let M + the category whose objects are morphisms of DGLAs, and whose morphisms are commutative squares
where f L,∞ and f M,∞ are L ∞ -morphisms. Note that f L,∞ and f M,∞ are nonlinear maps, and that the commutativity of the square above corresponds to the commutativity of all the multilinear maps diagrams
Having added more freedom on morphisms, we have to quotient it out in order to still get a functor. Therefore, we consider the homotopy category of L ∞ -algebras, denoted L ∞ /∼, whose objects are the same as in L ∞ , and whose morphisms are homotopy classes of morphisms in L ∞ . There is a natural "homotopy class" functor L ∞ → L ∞ /∼; the homotopy class of an L ∞ -morphism ϕ ∞ will be denoted by [ϕ ∞ ]. A basic fact about L ∞ -algebras is that L ∞ -quasiisomorphisms are invertible in the homotopy category: if C → H is a natural isomorphism of functors C, H : M + → L ∞ /∼. It is easy to check that the fibre product construction gives a functor H : M + → L ∞ /∼. Indeed, by the commutativity of the diagrams above, the product we obtain two more notions of a deformation functor for a DGLA morphism; namely χ → Def Cχ and χ → Def Hχ . All these three notions of deformation functor associated to a morphism of DGLAs coincide. Indeed, Def C and Def H are isomorphic with an isomorphism induced by the natural transformation [ι ∞ ] : C → H, and we have shown in Section 5 that the functor χ → Def Cχ is isomorphic to the functor χ → Def χ . Moreover, we have also shown that the suspended cone construction χ → C χ is a functor C : M + → L ∞ / ∼. As a consequence, the deformation functor of a DGLA morphism is actually a functor 
is commutative, then the two deformation functors Def χ 1 and Def χ 2 are isomorphic. As a corollary, we obtain the following generalization of Theorem 6.1: 
